Properties of fuzzy set 


Huan Huang 


Department of Mathematics, Jimei University, Xiamen 861021, China 


Abstract 


In this paper, we give some properties related to platform points of a fuzzy 
set and their applications. 
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1. Main results 


Let (X,d) be a metric space. For u € F(X), let [uj], denote the a-cut of 
u, i.e. 
-_ tee xt ule) Sa}, ae (0,1, 
E suppu = {u > 0}, a= 0, 


where S denotes the closure of S in (X,d). Fysc(X) is the set of upper 
semi-continuous fuzzy sets in X. 
For u € F(X), 


D(u) := {a € (0,1): [ula £ {u > a}}, 
P(u) := {a € (0,1): - >a} Ç [u]a}. 


a € P(u) is called a platform point of u. Clearly P(u) C D(u). 

We show that D(u) is at most countable when u € F'(R™) (Theorem 5.1 
of [1]). 

In this paper, we show that D(u) is at most countable for fuzzy set 
u € F(X) with ([u]o, d) being separable. This result follows directly from 
the proof of Theorem 5.1 of [1] and the fact that each separable metric space is 
homeomorphic to a subspace of the Hilbert space I? := {(x,) {2 : ser oe xž 
+oo}. We also give some applications of this conclusion. 
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Theorem 1.1. Letu € F(I°). Then the set D(u) is at most countable. 


Proof. The proof is similar to that of Theorem 5.1 in [1]. 
A sketch of the proof is given as follows 
Similarly as in [1], for u € F(P), t € ? andr € Rt, we can define 

Sutr(-,:): St x [0,1] + {-c0o} UR by 


—0oo, if [ula O B(t, r) = 4, 
sup{ (e, x — t) : x € [ula O Bit,r)}, if [ula O B, r) £, 


Su trle, a) = l 
where S! := {e € I? : lel] = 1} and B(t,r) := {x E€ P? : ||z -t|| < r}. 

Similarly as in [1], we can define D(u,t,r,e), which is the discontinuous 
point of S,,4,(e,-). 

Proceed as in the proof of Lemma A.1. of [1], we can show the conclu- 
sion corresponding to Lemma A.1. of [1]: D(u,t,r) = UcegiD(u,t, 7, e) is 
countable. 

Note that 2(a,b) = |la||? + |lb||? — ||a — b||? for each a,b € I?. So proceed 
as in the proof of Theorem 5.1, we obtain that D(u) is at most countable. 


Remark 1.2. In the proof of Theorem 5.1, the fact that 2(a,b) = |la||? + 
|||]? — lja — b||? for each a,b € R™ is used. 
Clearly, (A.6) in the proof of Theorem 5.1 can be shown by using the 


$ gg xz—q||24 2 ijz? 
equality (e, x — q) = Urata) — le=alË+ly-alP eu? 


Theorem 1.3. Let (X,d) be a metric space and u € F(X). If ([u]o, d) is 
separable, then the set D(u) is at most countable. 


Proof. Let f be a homeomorphism from ([u]o,d) to a subspace of 1°. 
Consider uş € F (1°) defined by 


_f uf), tE Fiulo), 
ae i 0, t € P\ f([ulo). 


Note that D(u) = D(uy), thus D(u) is at most countable from Theorem 
1.1. 


Remark 1.4. Here we mention that the closure operator in the definition of 
D(u) is taken in (X,d) and the closure operator in the definition of D(u,) is 
taken in /?. 


Theorem 1.5. Let (X,d) be a metric space and u € F(X). If ([ulo,d) is 
separable, then the set P(u) is at most countable. 


Proof. The desired result follows immediately from Theorem 1.3 and the 
fact that P(u) C D(u). 


There are various kinds of fuzzy sets [2]. Since the corresponding discus- 
sion in [3] is in the framework of normal fuzzy sets, we only discuss normal 
fuzzy sets in the following. 


Fisog(X) := {u € F(X): [ula € K(X) for all a € (0, 1]}, 
Figo(X) := {u € F(X) : [ula € C(X) for all a € (0, IJ}, 
Fusc(X) = {u E F(X) : [ula E C(X) U@ for all a € (0, 1]}, 


where K(X) and C(X) denote the set of all non-empty compact subsets of 
(X,d) and the set of all non-empty closed subsets of (X, d), respectively. 


Theorem 1.6. Suppose that u, Un, n = 1,2,..., are fuzzy sets in Figc(X). 
If ([u]o, d) is separable, then the following statements are true. 


(i) un iyu 
(it) Un 5 u (K). 
(iii) [ula = limp +.0[tnla (K) for all a € (0,1) \ P(u) 


(iv) limn+oolUnla (K) = [ula holds when a € P, where P is a dense subset 


of (0, \P ee). 


(v) limn+soo[Unla (K) = [ula holds when a € P, where P is a countable 
dense subset of (0,1)\P(u). 


Proof. The desired result follows immediately from Theorem 1.5 and The- 
orem 3.8 in [3]. 


Remark 1.7. Note that each compact metric space is separable. So if u € 
F}sca(X), then (fulo, d) is separable. Thus Theorem 1.6 improves Theorem 
3.9 in [3]. 
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For u € Fijso(X), the set Po(u) is defined by Po(u) := 


(0,1) : 


{a € 
limg+a H([u]s, lula) # 0}, where H is the Hausdorff metric on C(X) induced 


by d. 


By Theorem 1.5 and Lemma 3.6 in [3], we have that Po(u) is at most 
countable for each u € Fiigag(X). 
Lemma 3.6 in [3] is listed as follows 


e Let U, E€ K(X) for n =1,2,.... 


Gi) HEU 2 U2... D U, D..., then U = (SU, € K(X) and 
H(U,,U) > 0 as n > +00. 
(ii) EU, C U,C... CU, C... and V = US Un € K(X), then 
H(U,,V) > 0 as n > +00. 


However, for u € Fijgo(X) with ({uJo, d) being separable, Po(u) need not 
be at most countable. A counterexample is given in page 7 of [3]. 
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